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INTRODUCTION 
Thermal induced deformations in high precision 
systems can be one of the dominant contributions 
to the overall positioning accuracy. To reduce 
these errors, real-time error compensation 
methods [1] or even active control can potentially 
be used. Both (1) compensation and (2) 
correction is used and explained in this paper.  
This article will focus on using temperature 
sensors, in combination with a reduced order 
thermo-elastic model, to estimate displacements 
and tilts of an optical unit and use this information 
to correct or compensate in-plane displacement 
errors for the stage. The compensation (1) is 
done by adjusting the setpoint position of the high 
precision stage. The thermal correction (2) is 
based on temperature control of water cooled 
plates in combination with local fluid stream 
heaters at several frame positions. 
 
CASE 
To investigate the potential of the compensation 
and correction methods, a realistic high precision 
system operating in a high vacuum environment 
is taken into consideration.  

 
FIGURE 1. Schematic depiction of the precision 
system.  

The system consists of a high precision stage, 
actively positioned underneath an optical unit in 
multiple degrees of freedom, while using a stage 
position metrology system. This metrology 
system measures the stage position with respect 

to the support frame, 𝑥𝑠2𝑓. The systems 

performance is defined as the positioning error 
between the  point of interest (POI), 𝑥𝑃𝑂𝐼, located 

on the top surface of the stage and the focus point 
of the optical unit, see figure 1.  
In addition there is an optical unit that is 
kinematically supported on the heavy and stiff 
support frame. The environment surrounding the 
frame consists of several surfaces that have a 
varying temperature. By thermal radiation they 
will generate multiple time varying heat loads, 
𝑄𝑖(𝑡), onto the support frame . In combination 
with the thermal boundary conditions, i.e. frame 
connection to the base frame, there will be 
temperature gradients in the frame structure. 
These gradients induce  frame deformations, 
resulting in displacements and tilts of the optical 
unit, and finally leading to errors at the POI, 𝛿𝑥𝑝𝑜𝑖. 

See figure 2. Due to the arrangement of the stage 
metrology system, such 𝛿𝑥𝑝𝑜𝑖 cannot be 

observed and therefore cannot be compensated. 
 

 
FIGURE 2. Thermal induced frame deformations, 

resulting in relative errors at the POI, 𝛿𝑥𝑝𝑜𝑖.  

The first goal is to estimate the mechanical POI 
displacements induced by the temperature field  
inf the frame, while using a limited number of 
temperature measurements. Where the second 
goal focusses on a control strategy to minimize 
this displacement  by means of the thermal 
actuators.  
The rest of the article is organized as follows. 
First the thermo-elastic 3D CAD and FE model is 
described. Secondly the model order reduction 
technique is described, followed by the used 
sensor placement strategy. Next the results of the 
several numerical experiments are presented 
including the controller design and its 



 

performance. Concluding with final thoughts and 
future work. 
 
THERMO-ELASTIC MODEL 
Based on the presented precision system a high 
fidelity 3D finite element model (FEM) of the 
support frame is created and can be seen in 
figure 3. The support frame consists of three 
aluminium solid pillars (ℎ = 350 𝑚𝑚) that are 
connected to a base frame. The three support 
pillars are interconnected by three aluminium 
beams to supply additional structural stiffness.  
The three kinematic mounts lie on a radius of 150 
mm. 
 

 
FIGURE 3. 3D CAD model of the support frame. 

The pillars and beams are made out of aluminium  
6061-T6. The boundary conditions to the 
baseframe are modelled as a thermal convection 
with the baseframe reference temperature as 
input. The value of the heat transfer coefficient is 
derived from contact resistances given by bolted 
metal-metal interfaces in vacuum. The thermal 
loads are estimated from a thermal simulation 
including radiation between the different 
environment surfaces, i.e. vacuum chamber, hot 
turbo pumps and top module. Figure 4 shows an 
overview of these heat loads and which surfaces 
they effect on the support frame. Additionally, 
there is a heat load that comes from the optical 
unit and enters through the kinematic mounts 
directly and has an average value of 𝑄𝑜𝑢 =
 1.2 𝑊. The total average heat load that enters the 

frame is 𝑄̂𝑡𝑜𝑡𝑎𝑙 = 4.98 𝑊.  
 
A structural-thermal coupled finite element model 
is created using ANSYS. This model, containing 
𝑛𝑛𝑜𝑑𝑒𝑠 nodes, can be used to calculate the 
deformations of the frame given the thermal 
boundary conditions and heat loads. The coupled 
thermo-elastic system in discrete form is given by 
 

[
0 0
0 𝐶𝑇

] [
𝑢̇
𝑇̇

] =  [
−𝐾𝑢𝑢 𝐾𝑢𝑇

0 −𝐾𝑇𝑇
] [

𝑢
𝑇

] + [
0

𝐵𝑇
] 𝑤 (1)  

 
Where 𝑢 represents the  vector of  the nodal 
displacement field in the X,Y and Z directions and 
𝑇 is vector of the nodal temperature field. The 

matrices 𝐶𝑇, 𝐾𝑇𝑇 and 𝐵𝑇 denote the thermal 
capacitance, conductance and input matrix.  The 
matrices 𝐾𝑢𝑢 and 𝐾𝑢𝑇 are the structural stiffness 
matrix and the thermo-elastic coupling matrix 
respectively. The inputs are given by 𝑤, which 
consist of the reference temperature of the 
boundary conditions and the defined heat loads. 

By defining the combined state vector 𝑥 = [𝑢, 𝑇]𝑇, 
the system can be written as  
 

𝐸𝑥̇ =  𝐴𝑥 + 𝐵𝑤 (2)  

 
Where 𝐸, 𝐴 ∈ ℝ𝑛×𝑛  and 𝐵 ∈ ℝ𝑛×𝑚, with 𝑛 =
4𝑛𝑛𝑜𝑑𝑒𝑠 and 𝑚 the number of inputs. 

The  in-plane POI displacements, 𝑢𝑃𝑂𝐼 that define 
the systems performance can be found by using 
an additional output equation 
 

𝑢𝑃𝑂𝐼 = 𝐻𝑥 (3)  

 
Where 𝐻 ∈ ℝ𝑝×𝑛 maps the state vector 𝑥 to the 
in-plane POI displacements, i.e. 𝑝 = 2. So given 

a temperature field 𝑇̂ the POI displacement can 
be expressed as 
 

𝑢𝑃𝑂𝐼 = 𝐻𝑝𝑜𝑖𝐺𝑢𝑇𝑇̂ (4)  

 
With 𝐺𝑢𝑇 = 𝐾𝑢𝑢

−1𝐾𝑢𝑇 the mapping from temperature 
to displacements and 𝐻𝑝𝑜𝑖 is the observation 

matrix related in the output equation (3) by 
 

𝐻 = [
0 0
0 𝐻𝑝𝑜𝑖

] (5)  

 
 
MODEL ORDER REDUCTION  
In order to have an accurate thermo-elastic model 
that can be used to analyse the performance of 
the system for different sets of load cases, to be 
efficiently used in a sensor placement algorithm 
and to be able to design robust controllers, a 
reduced order model (ROM) is required that can 
capture the coupled thermo-elastic physics 
accurately within a certain frequency range, see 
for more information and an overview [3,4]. 
 
Model order reduction is aimed to reduce the 
dimension of dynamical systems of the form  
given by (2) and (3).  

𝐾𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐 𝑚𝑜𝑢𝑛𝑡𝑠 



 

The reduction methods aim to find projection 

matrices, 𝑉, 𝑊 ∈ ℝ𝑛×𝑘 with  𝑘 ≪ 𝑛 such that the 
ROM is given by 
 

𝐸̂𝑧̇ =  𝐴̂𝑧 + 𝐵̂𝑤,    𝑦̂ = 𝐻̂𝑧 (6)  

 
where 
 

𝐸̂ = 𝑊𝑇𝐸𝑉 ∈ ℝ𝑘×𝑘 𝐵̂ = 𝑊𝑇𝐵 ∈ ℝ𝑘×𝑚

𝐴̂ = 𝑊𝑇𝐴 ∈ ℝ𝑘×𝑘 𝐻̂ = 𝐻𝑉 ∈ ℝ𝑝×𝑘  
  

 
with the requirement |𝑦̂ − 𝑦| < 𝜀. Depending on 
the intended use of the ROM, this requirement is 
to be interpreted differently. 
Several methods are available to create ROMs, 
e.g. balanced truncation, modal superposition 
method, proper orthogonal decomposition and 
moment matching. Both, the modal superposition 
as the moment matching methods, were    
investigated for the sensor placement and the 
controller design. It was found that the most 
computational efficient and accurate method is 
the moment matching (MM). 
The key idea of the MM method is to match the 
so-called moment of the system’s transfer 
function. Given the input-output transfer function 
of the system  
 

𝑃(𝑠) = (𝑠𝐶𝑇 + 𝐾𝑇𝑇)−1𝐵𝑇 (7)  

 
of the thermal system, this can be written as a 
Neumann series  

𝑃(𝑠) = ∑ 𝑚𝑗(𝑠 − 𝑠0)𝑗  

∞

𝑗=0

 (8)  

where the moments 𝑚𝑗 are given by 

 
𝑚𝑗 = (−(𝑠0𝐶𝑇 + 𝐾𝑇𝑇)−1𝐶𝑇)𝑗(𝑠0𝐶𝑇 + 𝐾𝑇𝑇)−1𝐵𝑇 .  (9)  

 
The reduction method aims to find a ROM (6) 

such that a number of moments, 𝑚̂𝑗   

 

𝑚̂𝑗 = (−(𝑠0𝐶̂ + 𝐾̂)
−1

𝐶̂)
𝑗

(𝑠0𝐶̂ + 𝐾̂)
−1

𝐵̂𝑇  (10)  

 

of the ROM transfer function 𝑃̂(𝑠) = (𝑠𝐶̂ + 𝐾)
−1

𝐵̂ 

matches the moments 𝑚𝑗 of the original transfer 

function 𝐺(𝑠). 

The computation of the projection matrix 𝑉 for 
large models can efficiently be computed by 
using Krylov subspace based methods. 
Calculating a projection matrix 𝑉 in this way 
 

𝑠𝑝𝑎𝑛(𝑉) = 𝒦[(−(𝑠𝑜𝐶𝑇 + 𝐾𝑇𝑇)−1𝐶𝑇), (−(𝑠𝑜𝐶𝑇

+ 𝐾𝑇𝑇)−1𝐵𝑇)]   
(11)  

 
ensures that the first 𝑘 moments are matched. 

The expansion point 𝑠0 can be arbitrary, but given 
the fact that thermal systems have slow transient 
behaviour, 𝑠0 = 0 is most commonly used.  
 
 
 
 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 4. Overview of the heat loads, (a) 2x turbo pumps 𝑄𝑡𝑝 = 1.3𝑊, (b) Top module top 𝑄𝑡𝑚 = 0.9 𝑊, 

(c)   Top module side  𝑄𝑡𝑝𝑠𝑖𝑑𝑒
(𝑡) = 0.75 ± 0.65 𝑊, (d) Vacuum chamber 𝑄𝑣𝑐(𝑡) = 0.83  𝑊 

 
Figure 5. First 4 Krylov basis temperature shapes 

 
 



 

With an ANSYS to Matlab internal developed 
toolbox the single sided Krylov basis temperature 
shapes can be efficiently and accurately 
computed. Figure 5 shows the first 4 temperature 
shapes of the support frame. 
For the rest of the article the so-called single-
sided projection, i.e. 𝑊 = 𝑉, is used. Using only 
𝑉 as the projection matrix, ensures that the ROM 
is stable, given an underlying stable full order 
model (FOM), see [4]. 
 
SENSOR PLACEMENT STRATEGY 
The sensor placement strategy is based on the 
work presented in [2,7]. The main steps are 
summarized in the next section. 
To make the sensor placement problem 
computational attractable it is essential to use 
ROMs with their projection matrix 𝑉. A detailed 
discussion on this can be found in [7]. Using the 
ROM, the POI in-plane displacement estimation 
now becomes 
 

𝑢𝑃𝑂𝐼 ≈ 𝐻𝑝𝑜𝑖𝐺𝑢𝑇𝑉𝑇̃ (12)  

 
If the reduced temperature field at each timestep 

𝑇̃(𝑡) can be estimated accurately, then 
instantaneously the 𝑢𝑃𝑂𝐼(𝑡) is known at the 

timestep. The estimation of 𝑇̃ is achieved by 
solving the least-squares problem 
 

min
𝑇̃∈ℝ𝑘

1

2
∑(𝑉(𝑥𝑖)𝑇̃ − 𝑇𝑚,𝑖)

2

𝑛𝑠

𝑖=1

  (13)  

 
here 𝑇𝑚,𝑖  is the 𝑖th temperature measurement at 

location 𝑥𝑖 on a allowed surface 𝑆, with 𝑖 = 1 … 𝑛𝑠 

and 𝑉(𝑥𝑖) = 𝑉(𝑖, : ), i.e. the row selected by the 𝑖th 
sensor location. Note that the nodes of the finite 
element mesh determined by 𝑆 restrict the 
possible locations for 𝑥𝑖.  

Let 𝑋 = [𝑥1, … , 𝑥𝑛𝑠
] be the selected positions, 

from the solution of (13) the estimator for the 

reduced temperature field 𝑇̃, 𝐸𝑇̃(𝑋) can be 
constructed and is given by 
 

𝐸𝑇(𝑋) = [𝜗(𝑋)𝑇𝜗(𝑋)]−1𝜗(𝑋)𝑇 (14)  

 

here 𝜗(𝑋) is the Jacobian of the residuals with 

respect to the unknows, components of 𝑇̃, i.e. 
 

𝜗(𝑋) = [𝑉(𝑋, 1) … 𝑉(𝑋, 𝑘)] ∈ ℝ𝑛𝑠×𝑘 (15)  

 

and 𝑉(𝑋, 𝑗) = [𝑉(𝑥1, 𝑗) … 𝑉(𝑥𝑛𝑠
, 𝑗)   ]

𝑇
. 

The estimator of the POI displacements, 

𝐸𝑢𝑃𝑂𝐼
(𝑋) , can be defined using (12)  

 
𝐸𝑢𝑃𝑂𝐼

(𝑋)  = 𝐻𝑝𝑜𝑖𝐺𝑢𝑇𝑉[𝜗(𝑋)𝑇𝜗(𝑋)]−1𝜗(𝑋)𝑇 (16)  

 
Given the estimator of 𝑢𝑃𝑂𝐼 the precision of the 
estimation can be assessed from its covariance 
matrix [2], i.e. 
 

𝐶𝑜𝑣𝑢(𝑋) = 𝜇𝑇
2 𝐻𝑝𝑜𝑖𝐺𝑢𝑇𝑉[𝜗(𝑋)𝑇𝜗(𝑋)]−1(𝐻𝑝𝑜𝑖𝐺𝑢𝑇𝑉)

𝑇
 (17)  

 
Considering that the temperature measurement 
errors are independent and distributed random 
variables with a normal distribution of zero mean 

and variance 𝜇𝑇
2 . Here the choice of 𝑉 and the 

selected positions 𝑋 determines 𝐶𝑜𝑣𝑢(𝑋). 
 

The sensor placement algorithm has a sequential 
placement approach, i.e. given a set of 𝑖 − 1 

already selected sensor positions [𝑥1, … , 𝑥𝑖−1], 
find a new location 𝑥𝑖 that minimizes the following 
subproblem 
 

min
𝑥𝑖∈𝑆

𝑓(𝐶𝑜𝑣𝑢(𝑥1, … , 𝑥𝑖−1; 𝑥𝑖)) (18)  

 
here the optimality criteria 𝑓 is defined as 

𝑓𝐷(𝐶𝑜𝑣) = log(𝑑𝑒𝑡(𝐶𝑜𝑣)). 
For more detailed information regarding the 
algorithm see [7]. 
 
RESULTS 
First step is to determine the reduced order size 
𝑘. For this problem the frequency content of the 
heat loads are considered. It is known from 
additional analysis that there is frequency content 
for 𝑓𝑤 < 4 𝑚𝐻𝑧. In combination with the following 
norm on the relative transfer function error   
 

‖𝑃(𝑗2𝜋𝑓𝑤) − 𝑃̂(𝑗2𝜋𝑓𝑤)‖
∞

‖𝑃(𝑗2𝜋𝑓𝑤)‖∞

< 𝜀 (19)  

 
the order 𝑘 can be found given a certain 𝜀. Using 

a 𝜀 < 10−3 the minimum order is found to be 𝑘 =
65.  
 
Next step is to use the sensor placement strategy 
to find the minimum set of required sensors. This 
is done in combination with additional constraints 
in order to make it a viable solution for the system.  

1) The variance  𝑉𝑎𝑟(𝑢𝑃𝑂𝐼) < (3𝜎𝑢)2 , with 3𝜎𝑢 =
0.05 𝜇𝑚 and 3𝜎𝑇 < 1𝑚𝐾, such that the target 
performance can be achieved,  
2) the system has to operate for a long period of 
time, thus the impact of temperature drift from the 



 

sensors is required to be minimal and has the 
same requirement as the variance, i.e. 3𝜎𝑑𝑟𝑖𝑓𝑡 <

0.1 𝜇𝑚, with worst case sensor drift of ± 10 𝑚𝐾 
and 
3) with 𝑛𝑠𝑒𝑛𝑠𝑜𝑟𝑠 the temperature estimator (14) 

can estimate the reduced 𝑇̃ for a static heat load 

with  ‖𝑇̃ − 𝐸𝑇(𝑋)‖
2

< 10 𝜇𝐾.  

 
The minimum required number of sensors was 
found to be 𝑛𝑠 = 12 and figure 6 shows the 
optimal sensor locations on the outer surface of 
the support frame.  

 
The evolution of the sensor placement is shown 
in figure 7. Here it can be seen that the target for 
𝑉𝑎𝑟(𝑢𝑃𝑂𝐼) with 3𝜇𝑇 = 1 𝑚𝐾 can be achieved for a 

certain selection of sensors, however for 𝑛𝑠 =
16 … 18,   the  noise level of the 𝑦𝑃𝑂𝐼 estimation 
becomes too large.  The static error temperature 
norm shows that a minimum number of sensors 
𝑛𝑠 ≥ 12 is required in order to estimate the 

reduced temperature field 𝑇̃ sufficiently accurate. 
To guarantee sensor drift target the correct 
number of sensors should be 10 < 𝑛𝑠 < 15.  

 
FIGURE 6. Optimal sensor locations, 𝑛𝑠 = 12 

The final performance using 𝑛𝑠 = 12 for multiple 
different loadcases has been simulated and a 
worst-case result for 𝑢𝑃𝑂𝐼 is shown in figure 8. 
Both the X and Y estimation error is below the 
0.05 𝜇𝑚 target.

 

  
FIGURE 7. Plots of the variance 𝑉𝑎𝑟(𝑢𝑃𝑂𝐼), static temperature error ‖𝑇̃ − 𝐸𝑇(𝑋)‖

2
 and the maximum POI 

drift for 𝛥𝑇 = ±10 𝑚𝐾 sensor drift 

 

 
FIGURE 8.  𝑢𝑃𝑂𝐼 estimation performance  for 𝑛𝑠 = 12 and 3𝜇𝑇 = 1 𝑚𝐾.



 

THERMAL CONTROL 
The estimated 𝑢𝑃𝑂𝐼 can be used to update the 
stage setpoint in order to compensate for the 
thermal induced deformations. Alternatively a 
multiple input, multiple output controller can be 
implemented that uses the 𝑢𝑃𝑂𝐼 estimated values 
and actively attenuates disturbances to reduce 
the 𝑢𝑃𝑂𝐼 displacements and minimizes the 
average frame temperature increase. In order to 
minimize the radiation load toward other sensitive 
equipment. 
  
For this purpose, three water cooled plates are 
added to the support pillars (see rectangular face 
in figure 4), with a fixed water temperature that is 
lower than the reference temperature of 22°𝐶. 
The water temperature can be locally heated 
using local fluid heaters. This setup allows the 
pillars to actively cool and heat up as required 
from the controller. The added thermal dynamics 
of the fluid heater is added to the overall system 
dynamics. 
 
Using an actuator decoupling strategy 2 
decentralized controllers can be designed with a 
controller bandwidth of 1mHz. The maximum 
achievable bandwidth is limited due to the 
relatively large distance of the cooling plates with 
respect to the kinematic mounts, together with the 
discrete time controller delay. Figure 9 shows the 
closed loop performance compared to the no 
control performance. The limitation on the 
achievable bandwidth results in a residual error 
of < 0.2 𝜇𝑚. 

 
CONCLUSION & FUTURE WORK 
The use of temperature sensors in combination 
with a thermo-elastic model shows promising 
performance. With state-of-the-art available 
temperature sensors including realistic 
measurement noise and drift,  the estimation 
performance of 3𝜎𝑢 ≤ 0.05 𝜇𝑚 can be achieved 

by using a minimum set of 𝑛𝑠 = 12. 
 
Controller implementation using the estimation 
of 𝑢𝑃𝑂𝐼 is also possible, however the final 

performance (3𝜎𝑢 ≤ 0.2 𝜇𝑚 ) is mainly limited 
due to the cooling plate locations. Achieving 
better performance is a topic for future work. 
Here a focus will be on actuator placement 
strategies, in order increase the effectiveness of 
a set of cooling plates. Parallel to this work, the 
use of thermal-elastic system identification will 
be investigated. Where the focus will be on 
model validation and calibration, thus making 

the deformation estimation viable for real 
applications. 

 
FIGURE 9. Closed loop performance  
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